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DERIVATION OF DIFFERENTIAL EQUATIONS FOR
SPINDLE OSCILLATION IN A SYSTEM OF RECTANGULAR
COORDINATES

ISOMIDDINOV ANVARJON

Namangan state technical university, Namangan, Uzbekistan
Phone.: (0593) 250-7500, e-mail.: isomiddinovga@gmail.com

Abstract: This article develops mathematical models for the deformation of structural elements such as rods under
spatially dynamic loading. The resulting vibration equations are described by systems of second-order partial differential
equations with natural boundary and initial conditions.

Keywords: displacement, deformation, variational principle, variations in kinetic and potential energies, variation in the
work of an external force, mathematical model, boundary value problem, system of partial differential equations, boundary and
initial conditions.

Introduction. In many developed countries, special attention is being paid to
mathematical modeling and numerical analysis of structures and constructions.
Structural elements such as rods are widely used in many areas of engineering,
mechanical engineering, and construction. This necessitates testing their strength,
deformability, and stability using mathematical models. Leading countries, including the
United States, Japan, Germany, Italy, Russia, and others, are focusing on developing
mathematical modeling and calculation methods for construction and structural
materials.

Improving mathematical models and computational algorithms for solving linear
and nonlinear problems of structural materials is relevant on a global scale.

Since independence, the republic's mechanical engineering and construction
industries have developed, and the requirements for the design process of structures and
buildings have increased. Determining and assessing the stress-strain state of structural
materials, with the extensive use of modern computer technology, are considered the
most important tasks of design and survey work.

Derivation of differential equations for spindle oscillations

Based on the assumptions given in the work of V.K. Kabulov [1], the expressions
for the displacement of the rod points during longitudinal, transverse and torsional
vibrations are presented in the form.

U =Uu-zey —Yya,, U,=V+260, U;=W-Yyl (1)

where u,v,w are the displacements of the rod center line; ¢,,, are the angles of

inclination of the tangent to the elastic line under pure bending; 6 is the twist angle;

Now, according to the Cauchy formula, taking into account formulas (1), we

calculate the deformation components [1,2]:
T ——
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odx o odx dx % dx dx ¥
dw do
&3 =&—y & Epp =&33 = &3 =0. (2)

The stress and strain components are related as follows:

ou oo oV 00
L =E|H %% 6| Y% 4|,
( V5 j o (ax o “Zj

OX OX
ow 00
01326(&_)’5_0‘1)' Oy =0y =03 =0. 3)

In this case, variations in kinetic energy can be represented as.

éTdt— p Mz 5N, My 5 s (4)
Pa % P a

Here we perform integration by parts operations

ou ou ou
STdt = || p—26u, + p—26u, + p—26u, |dV |, —
! \'!{P a o P a O P ot 3:| |t 5
oy, o’u, o°u
— || p—=£0u, + p—~%6u, + p—>45u, |dVdt
! I { o Tt et
Substituting the expressions u; from (1) into the variations of kinetic energy (5)

we obtain

ou ou ou
.[det—J‘[pElﬁ( —Za, — ya2)+pEZ5(V+29)+pa—35(W y0)}dV|

1oz

0
= J{pa(u —-za,—Yya,)6u —pza(u -0, —ya, ) S, —

\

2 2

o°u o°u
(U—zay—ya, )+ p atzz S(v+20)+p 6t23

5(w- ye)} dvdt =

0 0
—pya(u -0, - ya, ) déa, +pa(v+ 20) 6V +

+pz§(v+ 20)5¢9+p§(W— y9)5W—py§(W— ya)ge}de -
2

o° 0
—”[pﬁ(u - 2o, —Yya,)bu —pzy(u -0, —ya, ) S, —
tVv

2 2 2

_’Dyaa?(u ya2)5a2+p§t (v+29)5v+pz§T(v+z¢9)50+

2 2

0 0
+p¥(w— ye)éw—pyy(w— ye)éﬁ} dvdt

e
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Let us extract the integral over the cross-sections of the rod

.t[det=I{{pIdFE—pIZdF%—pr a§2}5u_

X F

— 2dF == — 7°dF ==L — 7 2 (Sat. —
{pl pl p.F[ y } a

0 oo,
—{p! ydF Eu—pJF‘ yzdF — 8t

ijdF - }5(12
{pdeaﬂojzdF—ﬂ&{pjzdFawjzzdFE}&%
+[pf dF %W—pf ydF %} {pf ydF E—ﬂf y'oF E}&?}dXL -

F F
2 2
1] o 22 ofaoe 2o f;;zz}ﬁu-
}5051—

}5052 +

i v 220 o2V %0
+ p|dF —=+p ZdF—:|5V+|:p zdF —+p deF—}59+
JoF 5 f o |0+ Pl S e R 2

- pIzdFat—— IzzdFat—

+ IdFat de H}aw [jdeit—— jyzdFﬁ}%’}dth

Let's introduce the following notations:

F= de s_jde :j 22dF, jyzdF,

,=[2dF, 1, = [y*dF. (6)

Taking into account the introduced notations (6), we rewrite the variations of
kinetic energy
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ou oo oa
dTdt =[] pF Y = ps 9% _ g 9% |5y, -
! !{patpyat pzat}
ou o« oa
‘[”Sva‘/"vﬁ‘p'ﬂﬂ‘faf

o*w 020 o*'w 0°6 ")
+[pF ~ PS: ﬁ}éw —{PSZ = P E}W}dmt

Now let us consider the variations of potential energy oIT:

[ortdt=| | (ial Se,, ]dth 8)

Substituting the expressions U, from (1) into the variations of potential energy (8)

we obtain

[ortde=| j[%a[a_“_z%_y%]+
" Y OX OX OX

o 06 ow 06
+0125(&+ z&—a2j+alg5(&— y&—alﬂdth

Let's perform integration by parts. Before doing this, let's extract the integral over

the cross-section of the rod.
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fono - j{ Joudra jz%dF&%— [yo:

F

+ j o-lzdFé v j ZGlzdF5 j o, dFdar, +

+I0'13dF5 jylng5 —jamdmal}dxdt_

= [[N,6u=M S0, =M, St + Q,60v +M, 50 +Qy,0W dt|, -
t

oM
] Ny s 5~ Ms 5 Q2 5,
OX OX OX OX

tx

+ —agllxx 00 + —65;3 oW+ Q,0a, + Q13§051} dxdt ©)

The following notations are introduced here:

N, = [oudF, M, =[20,,dF , M, = [yo,dF, Q, =[o},dF,
F F F F

M, = '[(20-12 —Yyoy,)dF Q= IO-ISdF (10)
F F

Now let's consider variations of the work of external forces oA .

j&Adt_jZPa‘u av +j2q5u d5+j2¢ Su,ds,| =

v i=l s i=1l s, I=1

- j j RSu, + P,du, + P,su, |dvdt + (11)

+”[q15u +0,0U, +q35u3]det+”[¢15u +¢,6U, + ¢,5U, |dS,dt|

ts

Here we will extract the integral over the cross-section of the rod using relation (1).

[oAdt =“D RdFsu - [ ZPdF 5, - [ yRdF dar, + [ RdFov+
t t xLF F E E
+[2P,dF 50+ Pdeéw—'[yP3dF§6?}dxdt+

F F F
+HD g,disu —Iqudl&xl —I yq,dloe, +Iq2dlc5v+

t x| | | |

+ j 20,d156 + j gdlow— j ngdlfse} dxdt
| | |

+[ [[#6u— 26,50, -y 5, +$,0v + 26,50 + oW~ y$,50] dS ],

tS,
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The following notations are introduced here:
N, (R)=[RdF, M,(R)=[zPdF, M,(R)=[yRdF, Q,(R,)=RdF,
F F F F

M, (P,.R) = [(zP,—yP)IF,  Qu(R) = [PdF;

N, (@) =[ad, M, (q)=zqd, M,(@)=[yadl, Q,@,)=]ad,

M, (0, 0) = [ (20, - ya )dl,  Qu(0s) = [audl;

S

N, ()= [4dS,, M, (4)=[z4dS,, M,(#) = [ yAdS,, Qu(4)=][4ds,,

M. (4,,4,) = j(z¢2 - Yo, )dsp Qs(d) = I¢3dsl; (12)

Taking into account the introduced notations (12), we rewrite the variations of the
work of external forces 5A :

[ondt=| [[(N,(R)+N,(@))su—(M,(R)+M,(q,)) e, -

tLx

—(M,(P)+M,(a)) 6, +(Qy, (P,) + Qi (d,) ) v +

+(M, (P, P)+M, (05, 65)) 56 +(Qs (P) +Qy3(05) ) 5w | dx + (13)
+[( N, (¢)ou-M y(¢1)5a1 -M, (4)oa, +

+Qp,(4,)oV+M, (4, ¢3)59 +Q; (¢3)5W]‘X] dt

We substitute variations of kinetic (7), potential (9) energy and work of external
forces (13) into the Hamilton-Ostrogradsky variational principle

[(sT-a1+5A)dt=0 14)
t
[(oT-or1+6A)dt =
t
82u 62a aza ON
=] —PF =z +PS, =7+ pS, —F+ 1 +(N.(R)+ N, (4) |
v!._!:{|: P atz +p y atz + 09, atz + o +( X( 1)+ x(ql)):| U+

o%u o’a o’a, M
+|:1OSy y_plyat_gl_plyz atgz _a_xy_’_QIS_(My(ljl)+My(ql)):|5al+

s @_ | 820{1_ | 82a2_8MZ

+Q12_(M1(P1)+Mz(Q1))}§az+
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i o%v 829 o
+ —pFE—pSy 8’[2 le (le(P)+Q12(Q2))}5V+
i GaY %0 2w oM
¥ —pSy—Z—p(|y+|z)6t2 +pS, = axx+(MX(P2,P3)+Mx(q2,q3))}5¢9+

o*w 06 aQ
?S 13
ot? L ot?

(le(P )+Qy (qs))} 5W} dxdt +

(NN () 8+ (M, =M, ()0, + (M, = M, (4)) 52 +

t

+(-Qu +Qy () OV+(~M,+ M, (,64)) 30+ (~Qu +Qu (1)) oW | dit+

ou oa. oa ou oa. oa
F—- —1_ —2 15u+| -pS, —+pl. —2+pl_—2 |6, +
J.Kp yo, PS, j [ pS, pl, pl, ) ot

Yoot
+(—p826—u+ply2%+ Iz—zj5az+(pF +psy_‘9j5\,+
ot ot
(15)
0 ow ow 00
+| pS,—+pll, +1,)——pS,— |60 +| pF ——pS,— |ow || dx =0
(p p(1,+1,) zatj (patpz j l

Variational equation (15) consists of three main parts. The first part is an integral
of the first kind. Here, the components of the displacement vector are unknown functions.
Therefore, their variations are not equal to zero, which means the coefficients of variation
of the function must be identically equal to zero.

The second part of the variational equation (15) describes the boundary conditions.
In this part of the expression, the components of the displacement vector will not always
be unknown functions. In geometric boundary conditions, the displacement components
are specified. In this case, the variations of the known functions are zero, and under static
boundary conditions, the expressions in parentheses are zero. Therefore, in the second
part of the variational equation, each term with a variation factor of the displacement
vector components is zero. These expressions characterize mixed boundary conditions;
therefore, the expressions in parentheses are zero with the variation factors of the
displacement vector components.

The third part of the variational equation (15) describes the initial conditions. The
initial conditions specify the velocity and displacement.

Thus, from the variational equation (15) we obtain the following system of partial
derivatives of differential equations with natural boundary and initial conditions:
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_pF atz +pSy atz +psz atz P :_(Nx(a)+Nx(q1));
o%u 0’a o*a, M

P yatz_ l &zl_plyz atzz_ ax F+Q, = (M (R)+M (ql))
o%u da 0’a

pSZE plyz zl_plz 6'[22 +Qp, = (M (P)+M, (ql))

-pF——-pS, —+—= . __(Q12(Pz)+Q1z(q2));

v 0%0 o’'w oM
-pS, — I+1 +pS, —+—
Yot ( ) ot’ Lot ox

:_(Mx(P21P3)+Mx(q2!q3))/'

5w 00, Q
-pF +pS B =
PYGE TP Ty

_(le(P3)+Q13(q3)) . (16)

boundary conditions

(-Qu +Qu ()W _=0. (17)

initial conditions

ou oa oo
FM_ s 994 _ 45 9% |5,
Pl P2 P atj

au I %+p a%}é'az

—pS, —+
pzat pylat at
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0. (18)

where

p, E and G - mechanical parameters of rod systems;

F,1,,S,, 1,5, and | ,- geometric parameters of rod systems;

N, (R), Q.(P,) and Q;(P,) - volumetric longitudinal and transverse forces;
M,(R), M,(R) and M, (PR,,R,) — volumetric bending and torsional moments;
N, (ql), Q,,(9,) and Q,;(q;) — surface longitudinal and transverse forces;
M,(q,), M,(q,) and M (q,,q;,) - surface bending and torsional moments;

N, (¢), Qu(4,) and Q,;(4,)- end longitudinal and transverse forces;

M,(4), M,(4) and M,(4,,4;) - end bending and torsional moments.

Conclusion
This article presents a new mathematical framework for calculating beam systems
under spatially dynamic loading in a rectangular coordinate system.
The system of partial differential equations (16), boundary conditions (17), and
initial conditions (18) constitutes a general mathematical model for the dynamic analysis
of beam systems under complex spatial loading.
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